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Abstract. A graph is k-linked if any k disjoint vertex-pairs can be joined by k disjoint paths. We
slightly improve a lower bound on the linkedness of polytopes. This results in exact values for the
minimal linkedness of 7-, 10- and 13-dimensional polytopes.
We analyze in detail linkedness of d-polytopes on at most (6d + 7)/5 vertices. In that case,
a tight lower bound on minimal linkedness is derived, and examples meeting this lower bound are
constructed. These examples contain a class of examples due to Gallivan.
The Handbook of Discrete and Computational Geometry states the following question by
Larman & Mani [12] as a problem:
Question 1 (Larman & Mani [12], Kalai [10, Problem 20.2.6]). Let G be the graph of a
d-polytope and k = bd/2c. Is it true that for every two disjoint sequences (s1, . . . , sk)
and (t1, . . . , tk) of vertices of G there are k vertex-disjoint paths connecting si to ti,
i = 1, . . . , k?
This question asks, rephrased in customary graph theory language, whether the graph
of every d-polytope is bd/2c-linked. It was known to Larman & Mani [12] that the answer
is positive in dimensions d ≤ 5; see also Section 2. Furthermore, in the special case of
simplicial polytopes, Larman & Mani [12] gave a precise answer: Every simplicial d-
polytope is b(d + 1)/2c-linked. The stacked polytopes show that this bound cannot be
improved.
For general polytopes in higher dimensions the situation is quite different: We dis-
covered polytopes that show that Question 1 has a negative answer in dimensions 8, 10,
and d ≥ 12. Even when k is chosen as b2(d+ 4)/5c (which is strictly smaller than bd/2c
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for all d ≥ 22), d-polytopes are not necessarily k-linked. We later learned from Lar-
man [11] that exactly the same polytopes were already discovered in this context in the
1970s by Gallivan [3, Theorem 7, p. 46]. They were later published by McMullen [15]
and Gallivan [4].
We denote by k(d) the largest integer such that every d-polytope is k(d)-linked. Gal-
livan’s examples show that k(d) ≤ b(2d+ 3)/5c, and Larman & Mani [12] have proven a
lower bound of b(d+ 1)/3c. We improve this lower bound marginally to b(d+ 2)/3c in
Section 2. While this improvement is irrelevant for asymptotic questions, it implies exact
values for k(d) in dimensions 7, 10, and 13 (previously only the value of k(8) was known
in addition to the cases d ≤ 5; see [4]).
A closer look at Gallivan’s examples made it apparent that minimal linkedness of d-
polytopes on f0 = d+γ+1 vertices does depend on γ, at least if γ is small. We therefore
introduce a new parameter k(d, γ) that measures minimal linkedness of d-polytopes on
d + γ + 1 vertices. We determine k(d, γ) for polytopes on at most (6d + 7)/5 vertices
in Section 3 and analyze the combinatorial types of polytopes with linkedness exactly
k(d, γ).
We show that among the combinatorial types that meet the lower bound, Gallivan’s
polytopes are in some sense the canonical ones, in some cases even unique: If f0 is odd
there is only one combinatorial type with linkedness k(d, γ) among all polytopes on f0
vertices. This type is given by an iterated pyramid over a join of quadrilaterals. Because
of the special combinatorial structure of these polytopes they are even projectively unique;
see McMullen [14]. We complement this result by showing that, if f0 is even, there are
“many” combinatorial types of polytopes with minimal linkedness k(d, γ).
One by-product of our analysis is an interesting theorem that classifies polytopes with
small facet complements; see Theorem 3.9. We have not seen this characterization in
work of others, but suspect that it is known. This characterization implies the well-known
characterization of d-polytopes on d+ 2 vertices [6, pp. 97–101].
The paper is organized as follows. We introduce basic notions and notation in Sec-
tion 1. In Section 2, we give lower and upper bounds on k(d). We then study linkedness
of polytopes on few vertices in Section 3. We conclude with open problems in Section 4.
Acknowledgements. The authors would like to thank Günter M. Ziegler for helpful dis-
cussions on the subject and the anonymous referee for useful suggestions that helped to
improve the exposition.
1 Basic definitions & notation
Definition (k-linked, linkage). A graphG = (V,E) is said to be k-linked if |V | ≥ 2k and
for every choice of 2k distinct vertices s1, . . . , sk, t1, . . . , tk there exist k vertex-disjoint
paths L1, . . . , Lk such that Li joins si and ti for i = 1, . . . , k. We denote by k(G) the
largest integer k such that G is k-linked.
If we write s = (s1, . . . , sk) and t = (t1, . . . , tk), we call the paths L1, . . . , Lk an
(s, t)-linkage.
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We use the following convenient notation for subpaths of a path L = v0v1 . . . vk (as
in [2]),
Lvi := v0 . . . vi, vjL := vj . . . vk, vjLvi := vj . . . vi,
where j ≤ i for i, j ∈ {0, . . . , k}. If L1 and L2 are two paths, we write L1 ∪ L2 for the
concatenation of L1 and L2.
If P is a polytope, we write G(P ) for the graph of P , that is, the graph defined by
incidences between the vertices, denoted V(P ), and edges of P . We write f0 for the
number of vertices of P , that is, the cardinality of V(P ). Furthermore, dim(P ) denotes
the dimension of P . As general references about polytopes, we refer to Grünbaum [6] and
Ziegler [21].
Definition (Linkage parameters). We say that a polytope P is k-linked if the graph G(P )
is k-linked and define the following parameters for general polytopes:
k(P ) := k(G(P )),
k(d, γ) := min{k(P ) : P is a d-polytope with f0 = d+ γ + 1},
k(d) := min
γ
k(d, γ).
We call k(d) the minimal linkedness of d-polytopes.
For polytopes P1 and P2 we write P1 ∗ P2 for the join of P1 and P2; see [6, Exercise
4.8.1]. For P2 = ∆n−1, that is, the (n− 1)-simplex, this specializes to the n-fold pyramid
pyr
n(P1) over P1. If v is a point outside of the affine hull of P , we also denote by pyrv(P )
the pyramid over P with apex v. Thus, pyrv(P ) is combinatorially isomorphic to pyr1(P ).
For faces F ⊆ P1 and G ⊆ P2 we denote by (P1, F ) ⊕ (P2, G) the subdirect sum
of the polytopes P1 and P2 with respect to F and G; see [14]. This operation specializes
to the direct sum of P1 and P2, denoted by P1 ⊕ P2 if we choose F = P1 and G = P2;
see [6, Exercise 4.8.4].
2 Minimal linkedness of polytopes
In this section we provide lower and upper bounds on k(d) for general polytopes in arbi-
trary dimension d.
A graph G′ is a subdivision of G = (V,E) if G′ is obtained from G by replacing
each edge uv ∈ E of G by a path with end-vertices u and v (this path may have length
one). We call the set of all interior vertices of these paths the subdividing vertices, the
other vertices the branch vertices. If a graph H contains a subdivision of a graph G, we
say that G is a topological minor of H . If there is a vertex v ∈ V (G′) such that the set
of branch vertices is {v} ∪ U with U ⊆ N(v), where N(v) is the set of all neighbors of
v in G, we say that G′ is a subdivision of G rooted at v. This implies that the vertex in
G that corresponds to v is connnected to all other vertices in G; we will only apply this
definition to the case G = Kn, the complete graph on n vertices.
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A graph G = (V,E) is k-connected if |V | ≥ k + 1, and if for every set U ⊆ V of
cardinality at most k − 1, the graph G cannot be disconnected by removing the vertices
in U (and all incident edges).
Besides Balinski’s Theorem, which states that every d-polytope graph is d-connec-
ted [1], we need the following theorem of Grünbaum about the structure of d-polytope
graphs.
Grünbaum’s Theorem ([5], [6, Section 11.1, p. 200]). LetP be a d-polytope, v ∈ V(P )
a vertex of P , and G = G(P ) the graph of P . Then G contains a subdivision of Kd+1
rooted at v.
The original wording of Grünbaum’s Theorem is different: It is not mentioned that
the subdivision can be chosen rooted at a specified vertex. However, this extension easily
follows from Grünbaum’s proof.
2.1 Lower bound on minimal linkedness. Larman & Mani [12] have shown that ev-
ery 2k-connected graph that contains a K3k as a topological minor is k-linked. Robertson
& Seymour [16] have proven the much stronger statement that one may replace “topolog-
ical minor” by “minor” in the previous statement.
In conjunction with Grünbaum’s Theorem this implies that every d-polytope is b(d+
1)/3c-linked. However, already in dimension 4 this bound is not tight. It is easy to see
by a geometric argument that every 4-polytope is 2-linked; this also follows from the
characterization of 2-linked graphs by Seymour [17], Shiloach [18], and Thomassen [20],
or results by Jung [7].
We improve Larman & Mani’s bound slightly by considering subdivisions of complete
graphs that are rooted at a specified vertex. This new bound directly implies that 4-
polytopes are 2-linked.
The proof of the following lemma is a variation of an argument by Diestel [2, pp. 70–
71].
Lemma 2.1. Let G = (V,E) be a 2k-connected graph. Suppose that for every vertex v
of G the graph G contains a subdivision of K3k−1 rooted at v. Then G is k-linked.
Proof. Let s = (s1, . . . , sk) and t = (t1, . . . , tk), where s1, . . . , sk, t1, . . . , tk are distinct
vertices of G. Let K be a subdivision of K3k−1 rooted at vertex tk with branch vertices
U := U ′ ∪ {tk}, where U ′ ⊆ N(tk).
Since G \ {tk} is (2k− 1)-connected there exist 2k− 1 disjoint paths S1, . . . , Sk and
T1, . . . , Tk−1 in G that avoid tk such that Si joins si to U ′, for i = 1, . . . , k, and Ti joins
ti to U ′, for i = 1, . . . , k− 1. Moreover, we assume that the paths have been chosen such
that they do not have interior vertices in U ′ (and thus also not in U ) and that their total
number of edges outside of the set of edges E(K) is minimal.
Let W = {v1, . . . , vk, w1, . . . , wk−1} be the vertices of these paths in U ′, where vi is
in Si and wi is in Ti. We then have a partition of U into sets {tk}, W and W ′ := U ′ \W
with |W ′| = k − 1. Let u1, . . . , uk−1 be the vertices in W ′ ⊆ U . We call these vertices
free.
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Since the path Sk joins sk to a neighbor of tk the path Lk := Sk ∪ Tk joins sk and tk,
where Tk is the path that consists of the single edge from the vertex sk to the vertex tk.
Now fix some i ∈ {1, . . . , k − 1} and let Mi be the path in K from the free vertex
ui to vi and Ni be the path in K from ui to wi. Since the paths S1, . . . , Sk, T1, . . . , Tk−1
were chosen minimal with respect to their number of edges outside of K and ui is a free
vertex, the paths Sj are disjoint from Mi for j 6= i, and they are disjoint from Ni for all
j = 1, . . . , k. Similarly, the paths Tj are disjoint from Ni for j 6= i, and they are disjoint
from Mi for all j = 1, . . . , k − 1. Hence we can join vi to wi via the free vertex ui.
Denote by s′i the intersection vertex of Si and Mi that is closest to ui, and by t′i the
intersection vertex of Ti and Ni that is closest to ui. We then get pairwise disjoint paths
Li =
{
(Sis
′
i) ∪ (s
′
iMi) ∪ (Nit
′
i) ∪ (t
′
iTi), 1 ≤ i ≤ k − 1
Sk ∪ Tk, i = k
such that Li joins si and ti, that is, an (s, t)-linkage. 2
Theorem 2.2. Every d-polytope is b(d+ 2)/3c-linked.
Proof. Let P be a d-polytope. We set k := b(d+ 2)/3c. For d ≥ 2, we then have d ≥ 2k
and d + 1 ≥ 3k − 1. Therefore, by Grünbaum’s Theorem the graph G(P ) contains, at
every vertex v, a K3k−1 subdivision rooted at v. By Balinski’s Theorem, G(P ) is at least
2k-connected. Lemma 2.1 implies that the graph of P is k-linked. 2
2.2 Upper bound on minimal linkedness.
Theorem 2.3. Let d ≥ 2 and γ ≥ 1. Then the minimal linkedness of d-polytopes on
d+ γ + 1 vertices satisfies
k(d, γ) ≤ bd/2c.
Proof. For d = 2 the assertion clearly is true. Let d ≥ 3 and γ ≥ 1. To prove the
statement we have to construct a d-polytope on d+ γ + 1 vertices with k(P ) ≤ bd/2c.
Let Q be a 3-polytope on 4 + γ vertices that has a square facet. For instance, for
γ = 1 take the pyramid over a square and for γ > 1 stack this pyramid γ − 1 times
over triangular facets. Let P := pyrd−3(Q), the (d − 3)-fold pyramid over Q. Then P
is a d-polytope, has d + γ + 1 vertices, and is not (bd/2c + 1)-linked. To see this let
s1, t1, s2, t2 be the vertices of a square facet of Q (in that order around the facet). Then,
by planarity, these cannot be linked in G(Q).
Additionally, with m := b(d− 3)/2c there are exactly 2m vertices in V(P ) \ V(Q) if
d is odd and exactly 2m+1 if d is even. We choose distinct vertices s3, . . . , sm+2, t3, . . . ,
tm+2 arbitrarily from the set V(P )\V(Q) and, if d is even, we let sm+3 be the last vertex
left in V(P ) \ V(Q) and choose tm+3 arbitrarily from V(Q) \ {s1, s2, t1, t2}.
This set of bd/2c + 1 pairs of vertices cannot be linked in P . Therefore k(P ) ≤
bd/2c. 2
In the case γ = 0 we trivially have k(d, γ) = b(d + 1)/2c, as the d-simplex is
b(d + 1)/2c-linked. Theorem 2.3 implies that k(d) ≤ bd/2c. We improve this bound
significantly in the next section.
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3 Linkages in polytopes with few vertices
In this section, we study linkedness of d-polytopes with f0 = d+ γ + 1 vertices, where γ
is small. More precisely, for γ ≤ (d+2)/5 we determine the value of k(d, γ) and analyze
polytopes that attain the value of k(d, γ).
3.1 Lower bound for polytopes with few vertices. The linkedness of a graph is a local
property in the following sense: If a graph is highly connected, then a k-linked subgraph
ensures k-linkedness for the whole graph. The precise statement is the following lemma.
Lemma 3.1. Let G = (V,E) be a 2k-connected graph and G′ a subgraph of G that is
k-linked. Then G is k-linked.
Proof. Let s = (s1, . . . , sk) and t = (t1, . . . , tk), where s1, . . . , sk, t1, . . . , tk are distinct
vertices inG. SinceG is 2k-connected, there exist 2k vertex disjoint paths S1, . . . , Sk and
T1, . . . , Tk such that Si connects si to G′ and Ti connects ti to G′. We choose the paths
such that each contains only one vertex from G′. Let {s′i} = G′ ∩Si and {t′i} = G′ ∩Ti,
for i = 1, . . . , k.
SinceG′ is k-linked there exists an (s′, t′)-linkage L′1, . . . , L′k inG′ for s′ = (s′1, . . . ,
s′k) and t′ = (t′1, . . . , t′k). Then
Li = Si ∪ L
′
i ∪ Ti, 1 ≤ i ≤ k
is an (s, t)-linkage in G. 2
We obtain a lower bound on linkedness of polytopes with few vertices by finding a
highly-linked subgraph in the graph of P . This highly-linked subgraph is a complete
subgraph: the graph of a simplex face of high dimension.
Lemma 3.2 (Kalai [9], Marcus [13]). Let P be a d-polytope on d + γ + 1 vertices with
d ≥ γ. Then P has a (d− γ)-face that is a simplex.
Proof. One checks easily that the statement is true for every 2-polytope on 3+γ vertices,
γ ≥ 0. Let P be a d-polytope, d ≥ 3. Choose a facet F , which is of dimension d′ = d−1.
Suppose that F has d′+γ′+1 vertices, where 0 ≤ γ′ ≤ γ. By induction, F has a simplex
face S of dimension dim(S) = d′ − γ′ = d− 1− γ′ = d− (γ′ + 1). If γ ≥ γ′ + 1, then
dim(S) ≥ d−γ and we are done. If γ = γ′, then V(P )\V(F ) = {v} and P = pyrv(F ),
that is, P is a pyramid over F with apex v. Hence pyrv(S) is a face of P and a simplex
of dimension dim(S) + 1 = d− γ. 2
Lemma 3.3. Let d ≥ 2, and γ ≥ 0 with d ≥ γ. Then
k(d, γ) ≥
⌊
d− γ + 1
2
⌋
.
Proof. In the special case γ = 0 the assertion is trivially true. For d ≥ 2, γ ≥ 1 it follows
from Lemma 3.1 and Lemma 3.2, since 2b(d−γ+1)/2c ≤ d−γ+1 ≤ d, and the graph
of a d-polytope is at least d-connected, by Balinski’s Theorem. 2
Bereitgestellt von | Technische Universität Berlin
Angemeldet
Heruntergeladen am | 26.10.17 09:06
On linkages in polytope graphs 417
3.2 Upper bound for polytopes with few vertices. To prove a good upper bound on
the number k(d, γ) we have to find a polytope P on d+ γ + 1 vertices with small k(P ).
For γ ≤ (d+ 2)/5 the lower bound of Lemma 3.3 can be attained.
The examples we describe here were first discovered in this context by Gallivan [3] [4].
He constructed them using Gale diagrams.
In the following, we denote by  the 2-dimensional cube, that is, the (combinatorially
unique) 2-polytope on 4 vertices.
Definition. For integers n,m ≥ 0 and j1, k1, . . . , jm, km ≥ 1 define
G (n, j1, k1, . . . , jm, km) := ∆n−1 ∗ (∆j1 ⊕∆k1) ∗ · · · ∗ (∆jm ⊕∆km)
and
G (n,m) := G(n, 1, . . . , 1︸ ︷︷ ︸
2m times
) = ∆n−1 ∗ ∗ · · · ∗︸ ︷︷ ︸
m factors
.
We also write
∆n−1 ∗
∗m := ∆n−1 ∗ ∗ · · · ∗︸ ︷︷ ︸
m factors
.
The parameters d and γ for G (n,m) can be determined by observing that G (n,m)
has 4m+n vertices, so d+γ+1 = 4m+n, and dimension dim(G (n,m)) = n−1+3m.
Therefore we have
d = n− 1 + 3m, and (1)
γ = m. (2)
We consider the complement graph G(G (n,m)) of G(G (n,m)) in order to examine
the linkedness of the polytopes G (n,m). It is easy to see that the graph of the join of two
polytopes corresponds to the join of the graphs of the polytopes. Thus, the complement
graph G(G (n,m)) has the following form.
G(G (n,m)) : · · · · · ·
︸ ︷︷ ︸
2m edges
︸ ︷︷ ︸
n pyramidal vertices
The reason for the low linkedness of G (n,m) is that there are few vertices that can be
used on a “detour” for a linkage between the 2m pairs that are not connected by an edge.
To determine the linkedness of G (n,m), we determine the linkedness of graphs of
type Kp \M , where M is a matching. Obviously, the graphs G(G (n,m)) are of this
type.
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Lemma 3.4. LetG = Kp\M , whereM is a matching of size q ≤ p/2, that is, G consists
of q disjoint edges and p− 2q isolated vertices. Then the linkedness of G is
k(G) =
{⌊
p
3
⌋
, if p ≤ 3q − 1⌊
p−q
2
⌋
, if p ≥ 3q − 1.
Proof. Observe that the connectivity κ(G), that is, the largest integer k such that G is
k-connected, is given by
κ(G) =
{
p, if q = 0
p− 1, if q ≥ 1,
and that G has a complete subgraph of size p− q. By Lemma 3.1, we thus have
k(G) ≥ min
{⌊
κ(G)
2
⌋
,
⌊
p− q
2
⌋}
. (3)
Let p ≥ 3q − 1. Then choose all q pairs of nonconnected vertices and additional
bp−3q+22 c pairs arbitrarily from the vertices of full degree. Then these cannot be linked in
G and the linkedness satisfies
k(G) ≤ q +
⌊
p− 3q
2
⌋
=
⌊
p− q
2
⌋
.
For q ≥ 1, we have b(p−q)/2c ≤ bκ(G)/2c, and for q = 0, we have bκ(G)/2c = bp/2c,
and thus Inequality (3) implies that also k(G) ≥ b(p− q)/2c.
Let p ≤ 3q − 1. Then choose bp/3c + 1 of the q nonedges of G as pairs. These
cannot be linked in G, as there are at most p− 2(bp/3c+ 1) ≤ bp/3c additional vertices.
Clearly, any bp/3c pairs of vertices of G can be linked, as any such pair needs at most
one additional vertex to be connected, and if a pair is a nonedge, then every other vertex
can be used.
For p = 3q − 1, both terms yield the same value. 2
Lemma 3.5. Let n,m ≥ 0 be integers. The linkedness of G (n,m) is given by
k(G (n,m)) =
{⌊ 4m+n
3
⌋
, if n ≤ 2m− 1⌊ 2m+n
2
⌋
, if n ≥ 2m− 1.
If we use substitutions (1) and (2), this evaluates to
k(G (n,m)) =


⌊
d+γ+1
3
⌋
, if d+ 2 ≤ 5γ⌊
d−γ+1
2
⌋
, if d+ 2 ≥ 5γ.
Proof. This follows from Lemma 3.4, as the number of vertices of G (n,m) is 4m + n
and the number of nonedges is 2m. 2
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Example 1. Let d = 8 and γ = 2. Then n = 3 and m = 2 and we obtain the 8-polytope
on 11 vertices
P := G(3, 2) = ∆2 ∗ ∗ = pyr3( ∗).
The complement of the graph of P consists of 4 disjoint edges and 3 isolated vertices:
G(P ) :
The four pairs of vertices corresponding to the four nonedges of G(P ) cannot be linked
in G(P ), because there are only three additional vertices. Thus, the polytope P is not
4-linked. It is the smallest known example of a polytope that is not bd/2c-linked.
In combination with Lemma 3.3 we obtain the following result.
Theorem 3.6. Let d ≥ 2 and 0 ≤ γ ≤ (d+ 2)/5. Then
k(d, γ) =
⌊
d− γ + 1
2
⌋
.
Choosing γ = b(d+ 2)/5c, we obtain Gallivan’s examples, and the bound of the last
theorem implies the following bound on k(d) first given by Gallivan [4].
Corollary 3.7 (Gallivan [4]). The minimal linkedness of d-polytopes satisfies
k(d) ≤ b(2d+ 3)/5c .
3.3 Polytopes that meet the lower bound. The main theorem of this section is Theo-
rem 3.11. It states that polytopes that meet the lower bound of Lemma 3.3 are
• unique if f0 is odd, and
• of rather restricted combinatorial type, otherwise.
Furthermore, a lower bound on the number of combinatorial types in the latter case is
proven.
The “road map” to Theorem 3.11 is the following: We prove a concise characterization
of polytopes that have small facet complements in Theorem 3.9. This theorem already
imposes severe conditions on the combinatorial types of polytopes that meet the lower
bound. Afterwards we analyze the graphs of the types that appear in Theorem 3.9, which
yields a further restriction; see Lemma 3.10.
The proof of Theorem 3.11 then mainly consists of the construction of combinatorial
types for the case when f0 is even.
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3.3.1 Polytopes with small facet complements. We consider polytopes with small
facet complements, that is, polytopes in which every facet contains almost all vertices.
If the size of every facet complement is one, then clearly the polytope in question is the
simplex.
The following lemma is the next step: What combinatorial types are possible if for
every facet there are at most 2 vertices that are not contained in that facet?
In the following, if P is a polytope and F a face of P , we denote by P/F the face
figure of P at F ; see [21, Chapter 2]. The face lattice of P/F is the interval from F to P
in the face lattice of P .
Lemma 3.8. Let P be a d-polytope such that every facet F of P satisfies the inequality
| V(P ) \ V(F )| ≤ 2. Then P is of the form
G (n, j1, k1, . . . , jm, km) = ∆n−1 ∗ (∆j1 ⊕∆k1) ∗ · · · ∗ (∆jm ⊕∆km)
where k1, . . . , km, j1, . . . , jm ≥ 1, and d = n− 1 + j1 + k1 + · · ·+ jm + km +m.
Proof. The property | V(P ) \ V(F )| ≤ 2 implies that the hypergraph of facet-comple-
ments, that is, the hypergraph
Gcofacet(P ) := (V(P ), {W ⊆ V(P ) : V(P ) \W is the vertex set of a facet})
is a graph (with no parallel edges, but possibly with loops). The edges of Gcofacet(P )
are in bijection with the facets of P . Since the combinatorial type of a polytope is deter-
mined by the vertex-facet incidences, the combinatorial type of Gcofacet(P ) determines
the combinatorial type of P .
ForQ = G(n, j1, k1, . . . , jm, km) the graphGcofacet(Q) is a disjoint union of n copies
of the graph that consists of one single vertex and one single loop, and complete bipartite
graphs Kj1,k1 , . . . ,Kjm,km (the complete bipartite graph K`,`′ consists of two indepen-
dent sets of cardinalities ` and `′, respectively, and all edges in between them). Thus it
suffices to show that Gcofacet(P ) is of this type.
It is easy to see that loops can only occur at isolated vertices and that there are no
vertices of degree 1 in Gcofacet(P ) (we follow the convention that loops contribute two
edges to the degree count). Then it suffices to check the following two properties of
Gcofacet(P ):
(i) The graph Gcofacet(P ) does not have odd cycles (except for loops at isolated ver-
tices).
(ii) Whenever there is a path v1v2v3v4 of length 3 in Gcofacet(P ), then v1v4 is also an
edge of Gcofacet(P ).
In fact, (i) follows from (ii) and the absence of triangles, as any larger odd cycle together
with (ii) would imply the existence of a triangle.
We now show that Gcofacet(P ) does not have triangles. Suppose there is a triangle
with vertices v1, v2, v3 and edges corresponding to facets F1, F2, F3 with V(F1) = V(P )\
{v2, v3}, V(F2) = V(P ) \ {v1, v3}, and V(F3) = V(P ) \ {v1, v2}. Let F ′ be the face
F1 ∩ F2 = F1 ∩ F3 = F2 ∩ F3. Then clearly F1 = pyrv1(F
′), F2 = pyrv2(F
′), and F3 =
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pyrv3(F
′). Thus dimF ′ = d− 2 and P/F ′ is a 1-polytope on 3-vertices, a contradiction.
(In face lattice terms, this is a contradiction to the diamond property.)
Finally, we show that a path v1v2v3v4 of length 3 implies the existence of the edge
v1v4. The edges of the path v1v2v3v4 correspond to facets F1, F2, and F3 with V(F1) =
V(P ) \ {v1, v2}, V(F2) = V(P ) \ {v2, v3}, and V(F3) = V(P ) \ {v3, v4}. Let F ′ =
F1 ∩ F2 ∩ F3. Then clearly F ′ has dimension d− 3, as only four vertices of P do not lie
on F ′.
The facets F1, F2 and F3 are of dimension d−1 and each of them contains exactly two
vertices more than F ′. We conclude that pyrv1(F
′), pyrv2(F
′), pyrv3(F
′), and pyrv4(F
′)
are all faces of P . Thus, P/F ′ is a 2-polytope on 4 vertices, which implies that F4 :=
pyrv3(pyrv2(F
′)) is also a facet of P with V(F4) = V(P ) \ {v1, v4}. 2
Theorem 3.9. Let d ≥ 2, let 0 ≤ γ ≤ d − 2, and let P be a d-polytope on d + γ + 1
vertices. Then the following are equivalent:
(i) Every facet F of P satisfies | V(P ) \ V(F )| ≤ 2.
(ii) With m = γ, the polytope P is of the form
G (n, j1, k1, . . . , jm, km) = ∆n−1 ∗ (∆j1 ⊕∆k1) ∗ · · · ∗ (∆jm ⊕∆km)
with suitable parameters ji and ki.
(iii) The polytope P does not have a simplex face of dimension d− γ + 1.
Proof. If | V(P ) \ V(F )| ≤ 2 for every facet F of P , then by Lemma 3.8 the polytope P
is of the form G (n, j1, k1, . . . , jm, km). Clearly, we have that m = γ.
Now, suppose P is an iterated pyramid over a join of sums of simplices. Let S be a
simplex face of P of maximal dimension. Then S is the join of ∆n−1 with facets from
each factor ∆ji ⊕∆ki . A facet of this sum in turn is obtained by leaving out a vertex from
each of the two simplices. Hence, S has
n+ j1 + k1 + · · ·+ jm + km = d−m+ 1 = d− γ + 1
vertices and therefore dimension d− γ.
Finally, ifP does not have a simplex face of dimension d−γ+1, then | V(P )\V(F )| ≤
2 for every facet F . Otherwise, suppose there is a facet F with | V(P ) \V(F )| ≥ 3. Then
γ(F ) ≤ γ − 2, and by Lemma 3.2 the facet F has a simplex face of dimension
(d− 1)− γ(F ) = d− (γ(F ) + 1) ≥ d− γ + 1,
in contradiction to the hypothesis. 2
Theorem 3.9 contains the classification of d-polytopes on d + 2 vertices; see Grün-
baum [6, pp. 97–101]: No d-polytope on d+ 2 vertices contains a simplex d-face. Thus,
all polytopes on d+ 2 vertices are of type G (n, j1, k1, . . . , jm, km) with m = γ = 1.
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3.3.2 Polytopes without large complete subgraphs. So far, we have only excluded
large simplex faces. The following lemma analyzes the situation if we also exclude large
complete subgraphs.
Lemma 3.10. Let P be a d-polytope on d+γ+1 vertices. Suppose that the graph G(P )
does not have a Kd−γ+2-subgraph. Then P is of the form
G (n,m) = ∆n−1 ∗ ∗ · · · ∗︸ ︷︷ ︸
m factors
,
with n = d− 3γ + 1 and m = γ.
Proof. Since P does not have a Kd−γ+2-subgraph, P does not have a simplex face of
dimension d− γ + 1. Thus, by Theorem 3.9, P is of the form G(n, j1, k1, . . . , jm, km).
To show that j1 = k1 = · · · = jm = km = 1 observe that the graph
G(∆j ⊕∆k)


is the complete graph Kj+k+2 if j, k ≥ 2
contains a Kj+k+1 if j ≥ 2, k = 1 or j = 1, k ≥ 2
is a 4-cycle if j = k = 1.
Furthermore, in a join P ∗ Q every vertex of P defines an edge with every vertex of Q.
Suppose now that ji ≥ 2 or ki ≥ 2 for some i. Then G(P ) contains a complete graph on
n+ j1 + k1 + · · ·+ ji + ki + 1 + · · ·+ jm + km = d−m+ 2 = d− γ + 2
vertices, which contradicts the hypothesis. 2
3.3.3 Combinatorial types that meet the lower bound.
Theorem 3.11. Let d ≥ 2, and 0 ≤ γ ≤ (d+1)/3. Set n := d−3γ+1 ≥ 0, andm := γ.
Let P be a d-polytope on f0 = d+γ+1 vertices with linkedness k(P ) = b(d− γ + 1)/2c.
If f0 is odd, then P is of type
G (n,m) = ∆n−1 ∗ ∗ · · · ∗︸ ︷︷ ︸
m factors
.
If f0 is even, then there are at least 2d − 3γ + 1 possibilities for the combinatorial
type of P . More precisely, exactly one of the following cases applies:
(i) The polytope P is of type G (n,m).
(ii) We have m ≥ 1 and P is of type
G(n− k, 1, . . . , 1︸ ︷︷ ︸
2m− 1 times
, k + 1),
with 1 ≤ k ≤ n. In this case there are exactly n = d − 3γ + 1 possibilities for the
combinatorial type of P .
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(iii) We have m ≥ 2 and P has a facet F of type
∆n+4 ∗ ∗ · · · ∗︸ ︷︷ ︸
m− 2 factors
.
In particular, k(F ) = k(P ). In this case there are at least d− 1 possibilities for the
combinatorial type of P .
Proof. If P is a d-polytope with d ≥ 2 on d+γ+1 vertices and k(P ) = b(d−γ+1)/2c,
then clearly d > γ ≥ 0, as every such polytope is at least 1-linked.
Let f0 be odd, that is, d − γ is even. If k(P ) = b(d− γ + 1)/2c, then G(P ) cannot
have a Kd−γ+2-subgraph, and by Lemma 3.10 the polytope P is of type G (n,m) with
m = γ and n = d+ γ + 1 − 4γ = d− 3γ + 1.
Let f0 be even, that is, d−γ is odd. Under this assumption, the graph of P cannot have
a Kd−γ+3-subgraph. Otherwise its linkedness would be larger than b(d− γ + 1)/2c. We
distinguish the following three cases:
(1) The graph G(P ) does not have a Kd−γ+2-subgraph.
(2) The graph G(P ) does have a Kd−γ+2-subgraph, but P does not have a (d− γ + 1)-
dimensional simplex face.
(3) The polytope P has a (d− γ + 1)-simplex face.
These are all possible cases, and clearly they exclude each other.
Case (1). In this case, Lemma 3.10 implies that P is of type G (n,m).
Case (2). Under the assumptions in (2), Theorem 3.9 implies that the polytope P is of
type G(n′, j1, k1, . . . , jm, km) for m = γ ≥ 1 and suitable parameters n′, j1, k1, . . . , jm,
km.
The complement graph G(P ) consists of some number q of disjoint edges and f0−2q
isolated vertices. Since G(P ) does not have a Kd−γ+3 subgraph we must have f0 − q ≤
d− γ + 2, that is,
q ≥ 2γ − 1.
The only polytope of type G(n′, j1, k1, . . . , jm, km) with 2γ disjoint edges, which
is the maximum possible value for q, is G (n,m). However, G (n,m) does not have a
(d− γ + 1)-simplex face and thus we have q = 2γ − 1. This is only achievable if, up to
symmetry, j1 = k1 = · · · = jm−1 = km−1 = 1, jm = 1 and 2 ≤ km ≤ d− 3γ + 2, that
is, the first m − 1 factors of the join are quadrilaterals and the last factor is a bipyramid
over a km-simplex. Thus P is of type
G(n− k, 1, . . . , 1︸ ︷︷ ︸
2m−1 times
, k + 1),
for 1 ≤ k ≤ n = d− 3γ + 1. This gives d− 3γ + 1 different combinatorial types for the
different choices of k.
Case (3). In the final case, the polytope P has a (d − γ + 1)-simplex face but not a
(d− γ + 2)-simplex face.
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Then for every facet F of P we have | V(P ) \ V(F )| ≤ 3. Otherwise there is a facet
F ′, which is of dimension d− 1, that has γ(F ′) ≤ γ − 3. That is, F ′ contains a simplex
face of dimension (d− 1)− (γ − 3) = d− γ + 2, in contradiction to the hypothesis.
By Theorem 3.9, there exists a facet F with | V(P ) \ V(F )| = 3, since otherwise P
would not have a (d− γ + 1)-simplex face. This facet must satisfy | V(F ) \ V(F ′)| ≤ 2
for every facet F ′ of F . Otherwise, we could show with a similar calculation as before
that there is a ridge F ′ of P with a simplex face of dimension at least d − γ + 2. This
implies that m = γ ≥ 2.
By Lemma 3.1, we have k(F ) ≤ k(P ). On the other hand,
k(F ) ≥
⌊
(d− 1)− (γ − 2) + 1
2
⌋
=
⌊
d− γ + 2
2
⌋
= k(P ),
by Lemma 3.3, since d−γ+ 2 is odd. Furthermore, (d− 1)−γ(F ) = d− 1− (γ− 2) =
d−γ+1 is even. Thus applying (i) yields that F is of type G (n′,m′) with n′ = d−3γ+6
and m′ = γ − 2, as
dim(G (n′,m′)) = n′ − 1 + 3m′ = d− 3γ + 5 + 3γ − 6 = d− 1.
To get the d − 1 different combinatorial types we modify G(n,m). Let v0, v1 be the
vertices of one of the missing edges of one of the quadrilaterals. Let Q be the convex
hull of (V(G(n,m)) \ {v0, v1}). Let F be a k-face of Q that has a quadrilateral 2-face,
for 2 ≤ k ≤ d. Such a face exists since m = γ ≥ 2. Take the subdirect sum R :=
(Q,F ) ⊕ (∆1,∆1). Then the k-face F ⊕∆1 lies in a facet of R whose complement has
size 3, as F ⊕∆1 has a (k − 1)-face that has a complement of size 3 in F ⊕∆1.
For p = f0 and q = 2m, the polytope G (n,m) has linkedness
k(G (n,m)) =
⌊
p− q
2
⌋
=
⌊
d− γ + 1
2
⌋
.
This implies that p ≥ 3q − 2 by Lemma 3.4.
Since d − γ + 1 is even, also p − q is even. The constructed polytope has p vertices
and exactly q− 1 disjoint missing edges. Lemma 3.4 implies that the linkedness of G(R)
is ⌊
p− (q − 1)
2
⌋
=
⌊
p− q
2
⌋
= k(G (n,m)),
since p− q + 1 is odd and p ≥ 3(q − 1)− 1. 2
See Figure 1 on the next page for minimal linkedness of polytopes in dimension 25
(this dimension was only chosen, because it is large enough to illustrate all interesting
effects).
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∆16 ∗
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bd+23 c
bd/2c
simplicial polytopes
Figure 1. Linkedness of polytopes in dimension 25. Shown in this graph are (a) the
minimal linkedness of simplicial polytopes, (b) the minimal linkedness of polytopes on
few vertices (in dimension 25 known up to γ = 5), (c) the unique extremal examples for
γ = 0, 1, 3, 5, and (d) the best known upper and lower bounds for general polytopes.
4 Open problems
Theorem 2.2 and Corollary 3.7 imply the values for the minimal linkedness k(d) as dis-
played in Table 1.
d 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
k(d) 1 1 1 2 2 2,3 3 3 3,4 4 4,5 4,5 5 5,6 5, 6, 7
Table 1. Possible values of k(d) in dimensions 1 ≤ d ≤ 15.
In particular, we obtain exact values in dimensions 7, 10, and 13. The value k(8) = 3
follows from Larman & Mani’s old lower bound [12] and Gallivan’s upper bound [4].
The value k(6) is the first open value of k(d) and it seems to be a difficult problem
to determine it. Our analysis of polytopes with few vertices in Theorem 3.11 shows that
k(6, 0) = k(6, 1) = k(6, 2) = 3. We have also verified enumeratively that k(6, 3) = 3;
beyond that we do not know much.
Problem 1. Determine k(6): Either show that all 6-polytopes are 3-linked, or give an
example of a 6-polytope P with k(P ) = 2.
Thomas & Wollan [19] have shown that every 6-connected graph on f0 vertices with at
least 5f0−14 edges is 3-linked. This implies that all 6-polytopes that have only triangular
faces are 3-linked, according to Kalai’s Lower Bound Theorem [8].
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Figure 2. Is this a subgraph of the complement graph of some 8-polytope on 12 vertices?
One can construct polytopes with f0 = 3bd/2c− 1 vertices that are not bd/2c-linked.
If d is even let
P := ∆2 ∗ ∗ ∗ C
∆
3 ∗ · · · ∗ C
∆
3︸ ︷︷ ︸
m factors
,
where C∆3 denotes the 3-dimensional crosspolytope (polar to the cube C3). Then d =
4m+ 8, f0 = 6m+ 11 and k(P ) = 2m+ 3. For d odd let
P := ∆4 ∗ ∗ ∗ ∗ C
∆
3 ∗ · · · ∗ C
∆
3︸ ︷︷ ︸
m factors
.
Then d = 4m+ 13, f0 = 6m+ 17 and k(P ) = 2m+ 5.
For large f0, the known methods to prove upper bounds fail. This suggests the fol-
lowing question.
Problem 2. Are all d-polytopes on at least 3bd/2c vertices bd/2c-linked? Weaker: Is
there some N(d) such that every d-polytope on at least N(d) vertices is bd/2c-linked?
We only know of one obstruction for d-polytopes that prevents them from being
bd/2c-linked: The polytopes G (n,m) have many missing edges and not enough vertices
to route all paths around the missing edges. If a polytope has 3bd/2c or more vertices,
there has to be a different obstruction if it is not bd/2c-linked. Regarding Problem 2, it
would be interesting to know if the graph in Figure 2 is a subgraph of the complement
graph of an 8-polytope on 12 vertices. The complement of this graph is 8-connected and,
for every vertex v, has a subdivision of K9 rooted at v. However, it is not 4-linked.
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